Applications of Parametric Abstract Equilibrium Problems in Economics  by Bogdan, Marcel
 Procedia Economics and Finance  3 ( 2012 )  99 – 104 
2212-6716 © 2012 The Authors. Published by Elsevier Ltd.
Selection and peer review under responsibility of Emerging Markets Queries in Finance and Business local organization.
doi: 10.1016/S2212-5671(12)00126-8 
Emerging Markets Queries in Finance and Business
Applications of parametric abstract equilibrium problems in
economics
Marcel Bogdana,∗
a
”Petru Maior” University, Nicolae Iorga 1, Tıˆrgu-Mures, , 540088, Romania
Abstract
In this article we wish to underline a certain stability property of a sequence of solutions to parametric equilibrium problems. The
results are consequences of the ones obtained in Bogdan and Kolumba´n, 2009 and Bogdan and Kolumba´n, 2012. This stability is
claimed for parametric vector optimization too.
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1. Introduction
Equilibrium problems are further known and used in economics. Its phenomenons are better understood by math-
ematical models. But is this really the case ? Surely, it is not the situation for abstract economies. This borderline
between economy and mathematics is treated for instance in Aubin, 1982 ; Tarafdar and Chowdhury, 2008.
One of the most studied topics in nonlinear analysis is the equilibrium problem. Several problems such as Nash
economic equilibrium problems, variational inequality problems can be studied as particular cases.
Starting with the celebrated work by Ky Fan in 1972, equilibrium problems are governed by real bifunctions.
Speciﬁc required properties like continuity in the ﬁrst variable and convexity in the second one, insure the existence
of solutions. A sequence of functions may provide a sequence of solutions, therefore we are interested to study a
certain stability of this sequence.
Our purpose is to present some applications in economics. From the parametric equilibrium problems we shall con-
sider three particular cases: parametric scalar optimizations, parametric Walras equilibrium problems and parametric
variational inequalities. In our framework, via parametric vector equilibrium problems, we shall consider parametric
Pareto optimization problems as well.
Although the abstract equilibrium problems can be formulated in an abstract space, all the applications are pre-
sented in a Banach space.
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Let X be a Banach space. By → and ⇀ we denote the strong and the weak convergence on X , respectively.
For a given n ∈ N, let Dn be a nonempty subset of RN and let fn : Dn×Dn → R be a given function. The abstract
equilibrium problem is the following:
(EP)n Find an element an ∈ Dn such that
fn(an,b)≥ 0, ∀b ∈ Dn.
Along with (EP)n we consider the limit problem:
(EP) Find an element a ∈ D such that
f (a,b)≥ 0, ∀b ∈D,
where D ⊆ X is nonempty and f : D×D→ R is a given function.
In some previous works Lignola and Morgan, 1997; Bogdan and Kolumba´n, 2009 ; Bogdan and Kolumba´n, 2012
sufﬁcient conditions for a certain stability of solutions of (EP)n are provided. Precisely, this stability is formulated
as follows: if one has a sequence of solutions (an)n∈N such that an is a solution of (EP)n and (an)n converges to
a¯, then a¯ is a solution of (EP). This behavior of solutions is claimed for parametric vector equilibrium problems in
Salamon and Bogdan, 2010; Salamon, 2010 too.
The paper is organized as follows. In Section 2 we formulate stability results to three particular cases of parametric
equilibrium problems. In Subsection 2.1 we consider the case of parametric optimization problems. In Subsection
2.2 we remind the convergence of the equilibrium prices for a sequence of Walrasians. Subsection 2.3 deals with
parametric variational inequalities. Section 3 contains the case of parametric vector optimization.
2. Applications for the scalar case
2.1. Parametric optimization problems
Let gn,g be the demand-offer functions and let fn and f be given by fn(a,b) = gn(b)−gn(a) and f (a,b) = g(b)−
g(a). Then, (EP)n and (EP) become:
(M)n Find an element an ∈ Dn such that
gn(an)≤ gn(b), ∀b ∈ Dn
and
(M) Find an element a ∈ D such that
g(a)≤ g(b), ∀b ∈ D,
where gn : Dn → R, g : D→ R.
We state the following result (see Corollary 3.2 in Bogdan and Kolumba´n, 2012).
Proposition 1. Let Dn = D= X , for all n ∈ N. Let (an)n∈N be a sequence such that an is a solution of (M)n and let
an ⇀ a. Suppose that g is weakly lower semi-continuous at a and the functions g,gn, n ∈ N verify condition:
(C) For any b ∈ X there exists a sequence (bn)n∈N such that bn → b and
limsup
n
[g(b)− gn(bn)−g(an)+gn(an)]≥ 0.
Then, limit a is solution for (M).
Proof. See Appendix A.
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2.2. Parametric Walras equilibrium problems
For the description of the fundamental economic model see for example Aubin, 1982. The general framework is
taken over from Jofre and Wets, 2002.
Let us denote
P = {a= (a1, ...,aN) ∈ RN+|
N
∑
j=1
a j = 1}
the price simplex.
Let s : RN+ → RN be the so-called excess supply function that is assumed to be nonnegative and continuous on
the price simplex P (see Jofre and Wets, 2002, Proposition 4). A price vector a¯ ∈ P so that s(a¯) ≥ 0N is called an
equilibrium price.
The Walrasian W : P×P→ R associated with the supply function s is deﬁned by
W (a,b) = 〈s(a),b〉.
Of course, the equilibrium prices are exactly the equilibrium points of W.
Proposition 2. ( Jofre and Wets, 2002, Theorem 15; Bogdan and Kolumba´n, 2009, Corollary 4) Consider the
sequence of Walrasians (Wn)n∈N and W associated with supply functions sn and s, respectively. Suppose that sn
c
→ s,
i.e. for any (an)n∈N , an ∈ P with an → a one has sn(an)→ s(a). Then, for eachWn (n ∈ N) and W there exists at least
one equilibrium point in P, denoted by a¯n and a¯, respectively. The set of cluster points of the sequence (a¯n)n∈N is
never empty, and every cluster point is an equilibrium point for W.
Proof. See Appendix B.
2.3. Parametric variational inequalities
Let X∗ be the dual space of X and let Tn : Dn → X∗ be a given operator. The parametric variational inequality is the
following:
(VI)n Find an element an ∈Dn such that
〈Tn(an),b−an〉 ≥ 0, ∀b ∈Dn.
Along with (VI)n we consider the limit problem:
(VI) Find an element a ∈ D such that
〈T (a),b−a〉 ≥ 0, ∀b ∈ D,
where T : D → X∗ is a given operator.
We have the following result:
Proposition 3. Let D be closed convex and Dn = D, n ∈ N. Let (an)n∈N be a sequence such that an is a solution of
(VI)n and let an ⇀ a. Let T : D→ X∗ be bounded and weakly upper hemicontinuous.
Suppose that T,Tn, n ∈ N satisfy:
liminf
n
〈T (an)−Tn(an),b−an〉 ≥ 0,∀b ∈ D.
Then, limit a is solution for (VI).
Proof. See Appendix C.
Let X be a Hilbert space. For the case of ﬁxed points one can consider T := I−F and Tn := I−Fn, n ∈ N, where I
is the identity operator. The conclusion above remains true if F is bounded, weakly lower hemicontinuous, and F,Fn
n ∈ N satisfy:
liminf
n
〈Fn(an)−F(an),b−an〉 ≥ 0,∀b ∈D.
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3. Parametric vector optimization
In Salamon and Bogdan, 2010 we considered parametric Pareto optimization via parametric weak vector equilib-
rium problems.
LetZ be a real topological vector space with an ordering coneC such thatC is closed convex in Z with IntC  /0
and C Z .
Following Ansari, Yang, and Yao, 2001, for a subset A ofZ the suprema of A with respect to C is deﬁned by
SupA =
{
z ∈ ¯A : A∩ (z+ IntC) = /0
}
and the the inﬁma of A with respect to C is deﬁned by
InfA =
{
z ∈ ¯A : A∩ (z− IntC) = /0
}
.
For more details see Chiang, 2004.
Let (zn)n∈N be a sequence in Z . Let An = {zm : m ≥ n} for every n ∈ N. The inferior limit of (zn) is given by
Liminfzn = Sup
(⋃
n∈N
InfAn
)
.
For all n ∈ N let us consider the following problem:
(PO)n Find an element an ∈ Dn such that
ϕn(b)−ϕn(an) ∈ (−IntC)c,∀b ∈Dn,
where Dn ⊆ RN is nonempty and ϕn : Dn →Z is a given function.
Along with (PO)n we consider the limit problem:
(PO) Find an element a ∈ D such that
ϕ(b)−ϕ(a) ∈ (−IntC)c,∀b ∈D,
where D ⊆ RN is nonempty and ϕ : D→Z is a given function.
To apply our formalism we shall impose the following condition:
(VC) For any b ∈ D there exists a sequence (bn)n∈N , bn ∈ Dn such that bn → b and
Liminfn[ϕ(b)−ϕn(bn)−ϕ(an)+ϕn(an)]∩C  /0.
We recall that a function ϕ : X → Z is said to be weakly C-lower semi-continuous if for every z ∈ Z the set
ϕ−1(z+ IntC) is open in X . Also, conform Theorem 2.4 in Chadli, Chiang, and Huang, 2002, ϕ is weakly C−lower
semi-continuous at a, then for every v ∈ IntC, and for any sequence (an)n∈N in X weakly converging to a, there exists
n0 ∈ N such that
{ϕ(am) : m ≥ n} ⊂ ϕ(a)− v+ IntC,∀n ≥ n0.
Without proof we claim the following:
Assertion. Let Dn = D = X , for all n ∈ N. Let (an)n∈N be a sequence such that an is a solution of (PO)n and let
an ⇀ a. Suppose that ϕ is weaklyC-lower semi-continuous at a and the functions ϕ ,ϕn, n∈ N verify condition (VC).
Then, limit a is solution for (PO).
103 Marcel Bogdan /  Procedia Economics and Finance  3 ( 2012 )  99 – 104 
Remark that takingZ =R andC= [0,+∞), condition (VC) becomes condition (C). The aboveAssertion (its proof
shall be given elsewhere) is Corollary 3.2 in Bogdan and Kolumba´n, 2012. Note that no compactness assumption on
D is required.
Our previous results are more general and involve some relaxed continuity assumptions like the notion of topolog-
ical pseudomonotonicity (see Aubin, 1982) and Mosco convergence of the parametric domains (see Mosco, 1969).
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Appendix A.
Let (xn)n and (yn)n be sequence of reals. We start from the basic inequality
limsup(xn + yn)≤ limsupxn+ limsupyn,
hence
limsup(xn− yn)≤ limsupxn− liminfyn,
so
liminfyn ≤ limsupxn+ liminf(yn− xn).
Put yn := an+bn and xn := bn to obtain
liminf(an+ bn)≤ liminfan+ limsupbn.
Therefore, we shall apply the above inequality for our purpose
− limsup(xn+ yn) = liminf[−xn+(−yn)]≤ liminf(−xn)+ limsup(−yn) =− limsupxn− liminfyn.
We have
g(a)≤ liminf
n
g(an) =− limsup
n
[−g(an)] =− limsup
n
[−g(an)+gn(an)+g(b)−gn(bn)−gn(an)−g(b)+gn(bn)]
≤− limsup
n
[−g(an)+gn(an)+g(b)− gn(bn)]− liminf
n
[−gn(an)−g(b)+gn(bn)]
≤ g(b)+ limsup
n
[gn(an)− gn(bn)]≤ g(b).
Appendix B.
0≤ liminf
n
〈Wn(an,b) = liminf
n
〈sn(an),b〉= 〈s(a),b〉=W (a,b).
Appendix C.
Deﬁne fn, f :D×D→ R by fn(a,b) = 〈Tn(a),b−a〉 and f (a,b) = 〈T (a),b−a〉. The conclusion is straightforward
from Lemma 2 and Theorem 1 in Bogdan and Kolumba´n, 2009. Also, directly
0≤ liminf
n
〈Tn(an),b− an〉= liminf
n
〈Tn(an)−T(an)+T (an),b−an〉
≤ liminf
n
〈T (an),b− an〉+ limsup〈Tn(an)−T(an),b−an〉 ≤ limsup
n
〈T (an),b−a〉+ liminf
n
〈T (an),a−an〉
≤ 〈T (a),b−a〉.
